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Abstract
In this brief note, we extend Vitali’s theorem for holomorphic functions obtained by Arendt and Nikolski
to nets of functions of sheaves of smooth vector-valued functions. As a consequence we also extend a Har-
nack’s theorem for compact operator-valued harmonic functions recently obtained by Enflo and Smithies to
bounded operator-valued harmonic functions, avoiding the assumption that the Hilbert space H where the
operators are defined is separable.
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Let Ω ⊆ C be a domain and let A ⊆ Ω be a subset which contains an accumulation point
in Ω . Vitali’s theorem asserts that, if (fn)n is a locally bounded sequence of holomorphic func-
tions on Ω such that (fn(z))n converges for each z ∈ A, then there exists a holomorphic function
f on Ω such that (fn)n converges to f for the compact open topology. Montel’s theorem states
that each locally bounded sequence (fn)n of holomorphic functions on Ω contains a convergent
subsequence for the compact open topology. In a functional analytic language, Montel’s theorem
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ogy, each bounded set is relatively compact. Both theorems are actually equivalent. Let τA denote
the topology on H(Ω) of pointwise convergence on A, which is Hausdorff, and let us consider in
H(Ω) the compact open topology τc, which makes it a Fréchet space. A locally bounded subset
B of holomorphic functions on Ω is nothing else but a bounded subset in (H(Ω), τc). Montel’s
theorem implies that in B each Hausdorff topology on H(Ω) which is weaker than τc agrees
with τc on B . Hence, Vitali’s theorem follows from this observation applied to τA. Conversely,
Montel theorem can be obtained easily from Vitali’s theorem: if (fn)n is a bounded sequence in
H(Ω) and (zn)n ⊂ Ω has an accumulation point, then one can extract a convergent subsequence
(fnk )k on (zn)n, and then convergent. We refer to [5, Chapter VII] and the references therein for
a historical discussion about the theorems of Montel and Vitali and their equivalence.
Moreover, we observe that this argument above works if we consider Ω ⊆ Rn (or Cn) a
domain and we replace the space of one variable holomorphic functions by the space H (Ω) of
several variable holomorphic or harmonic functions endowed with the compact open topology,
which makes it a Montel space, and A is a set of uniqueness for H (Ω), i.e., if f ∈ H (Ω) and
f vanishes on A then f vanishes on the whole Ω .
Things are different for vector-valued functions. Arendt and Nikolski gave in [1, Theorem 2.1]
a proof of the Vitali’s theorem valid for nets of holomorphic functions with values in Banach
spaces. However, Montel’s theorem does not hold for Banach-valued holomorphic functions.
In this paper we show that, as we have already noticed for scalar functions, also in the vector-
valued case of Vitali’s theorem holomorphic functions can be replaced by functions which belong
to convenient sheaf of smooth functions on Ω ⊂ Rn, A can be taken as a set of uniqueness
for the sheaf and the range space can be a locally complete locally convex space instead of a
Banach space. This generalization allows to extend the Harnack’s theorem obtained by Enflo
and Smithies in [7] for compact operator-valued harmonic functions to bounded operator-valued
harmonic functions. Moreover, the assumption of separability on the Hilbert space where the
operators are defined is also avoided.
Throughout this paper Ω denotes a subset of Rn which is open and connected, i.e., a do-
main. We denote by C and C∞ the sheaves of continuous functions and infinitely differentiable
functions, respectively.
Let in the sequel H be a sheaf of smooth functions on Ω which is closed in C , i.e., H (ω) is
a closed subspace of C (ω) for each ω ⊂ Ω open.
This yields that C (ω) and C∞(ω) induce the same topology in H (ω) for each ω ⊆ Ω open.
Hence H (ω) is a Fréchet–Schwartz space endowed with the compact open topology. This kind
of sheaves include the sheaves of several variables harmonic and holomorphic functions. Given a
sheaf H , the sheaf H (·,E) of vector-valued functions with values in a locally complete space
E is defined by
H (ω,E) := {x → T (δx): T ∈ L
(
H (ω)′,E
)
, ω ⊆ Ω open}.
Here δx denotes the evaluation at x. This definition agrees with the classical definitions of vector-
valued holomorphic and harmonic functions. We refer the reader for more information, especially
for the representation of spaces of vector-valued functions and applications to extension prob-
lems, to [4] (see also [2,3,10,13,14]). In this paper we study convergence of nets and sequences
in H (Ω,E).
Our notation about locally convex spaces is standard. We refer to [9,11,12]. A locally convex
space E is said to be locally complete whenever every absolutely convex, closed and bounded
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complete subspace F of a locally complete space E is said to be locally closed. Given a dual pair
〈E,F 〉 of locally convex spaces, we denote by β(E,F ) and σ(E,F ) the strong and the weak
topologies on E with respect to 〈E,F 〉. If E′ is the topological dual of a locally convex space E,
the topology σ(E′,E) is called the weak- topology. If p is a continuous seminorm on E then we
denote Up,1 := {x ∈ E: p(x) 1}. Its polar set is U◦p,1 = {u ∈ E′: |u(x)| p(x) for all x ∈ E}.
A Fréchet–Schwartz space, briefly an (FS) space, is a countable projective limit of Banach
spaces with compact linking maps. An (FS) space is always a Montel space, i.e., each closed and
bounded subset is compact, and then reflexive. A (DFS) space is a strong dual of a Fréchet space,
and thus it is also a Montel space. A subset W of E′ is called separating if u(x) = 0 for each
u ∈ W implies x = 0. Clearly this is equivalent to the span of W being weak dense. Therefore,
A ⊂ Ω is a set of uniqueness for H (Ω) if and only if {δz: z ∈ A} ⊂ H (Ω)′ is separating.
Since this space is reflexive, it follows that A is a set of uniqueness for H (Ω) if and only if
{δz: z ∈ A} spans a strongly dense subspace of H (Ω)′ (cf. [11, 23.9]). Notice that if H is the
sheaf of holomorphic functions on Ω ⊆ C, then A ⊂ Ω is a set of uniqueness for H (Ω) if and
only if A has an accumulation point in Ω .
The following lemma is well known. Its proof is elementary.
Lemma 1. Let E be a locally complete space and let I be an index set. Let
l∞(I,E) :=
{
(yi)i∈I ∈ EI : sup
i∈I
p(yi) < ∞ for all continuous seminorm p on E
}
.
Then {BI : B bounded in E} is a fundamental system of bounded sets for the locally complete
space l∞(I,E) and the subspace
c(I,E) :=
{
(yi)i ∈ l∞(I,E): lim
i
yi exists
}
is locally closed.
Proposition 2. Let Y be a (DFS) space, E a locally complete space, I a directed set and
(Ti)i∈I ⊂ L(Y,E) a net such that for each continuous seminorm p on E and for each y ∈ Y ,
supp
(
Ti(y)
)
< ∞.
If there exists a dense subspace H ⊂ Y such that there exists limi Ti(a) ∈ E for each a ∈ H then
there exists T ∈ L(Y,E) such that limi Ti = T uniformly on the bounded subsets of Y , i.e., for
all continuous seminorm p on E, B ⊂ Y bounded and ε > 0 there exists i0 ∈ I such that
sup
y∈B
p
(
Ti(y) − T (y)
)
< ε
for each i  i0.
Proof. First we observe that (Ti)i is equicontinuous as a consequence of the Banach–Steinhauss
theorem for barrelled spaces [11, 23.27], i.e., for each continuous seminorm p on E there exists
a 0-neighbourhood U ⊂ Y such that
sup
i
p
(
Ti(y)
)
< 1
for each y ∈ U .
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c(I,E). Since c(I,E) is locally closed in l∞(I,E) we obtain from the Uniqueness theorem for
operators [4, Corollary 8] that S(Y ) ⊂ c(I,E). This shows that limi Ti(y) exists for all y ∈ Y .
Since the map R : c(I,E) → E, (yi)i → limi yi is linear and continuous we obtain that T :=
R ◦ S ∈ L(Y,E) and limi Ti = T pointwise on Y ′. As the net is equicontinuous the convergence
is uniform in the precompact sets, and in the (FS) space Y each bounded set is precompact. 
Theorem 3 (Vitali’s theorem). Let H (Ω) be a sheaf of smooth functions closed in C (Ω), let E
be a locally complete space and let (fi)i∈I be a locally bounded net of functions fi ∈H (Ω,E)
(i.e., for each a ∈ Ω there exists r > 0 such that ⋃i fi(B(a, r)) is bounded in E). We assume
that
(i) there is a set of uniqueness A ⊂ Ω for H (Ω), such that limi fi(z) exists for all z ∈ A, or
(ii) H (Ω) is the sheaf of holomorphic functions on Ω ⊂ Cn and there exists z0 ∈ Ω such that
limi ∂
kfi (z0)
∂zα
exists in E for k = 0,1,2, . . . , α ∈ Nn, |α| = k.
Then there is f ∈H (Ω,E) such that (fi)i converges locally uniformly to f .
Proof. We apply the identification H (Ω,E) = L(H (Ω)′,E) to obtain that there exists a net
(Ti)i ⊂ L(H (Ω)′,E) such that u(Ti(v)) = v(u ◦ fi) for each v ∈ H (Ω)′, for each u ∈ E′ and
for each i ∈ I . Given v ∈ H (Ω)′, there exists a compact subset K of Ω and C > 0 such that
|v(g)| C supz∈K |g(z)| for each g ∈H (Ω). Thus, for each continuous seminorm p on E,
p
(
Ti(v)
)= sup
u∈U◦p,1
∣∣u(Ti(v)
)∣∣= sup
u∈U◦p,1
∣∣v(u ◦ fi)
∣∣ sup
u∈U◦p,1
C sup
z∈K
∣∣u ◦ fi(z)
∣∣
 C sup
z∈K
p
(
fi(z)
)
.
By the hypothesis of local boundedness on (fi)i , we can get M such that
sup
z∈K
p
(
fi(z)
)
M
for each i ∈ I . Therefore (Ti)i is pointwise bounded. Applying Proposition 2, taking H :=
{δz: z ∈ A} in (i) and taking H as the span of all the partial derivatives at z0 in (ii), we obtain that
Ti converges to some T ∈ L(H (Ω)′,E) uniformly on the bounded sets of H (Ω)′. Thus, there
exists f ∈ H (Ω,E) such that T (δz) = f (z) for each z ∈ Ω . Hence the result follows from the
boundedness of the subsets {δz: z ∈ K} ⊂H (Ω)′ for each compact subset K of Ω . 
As a corollary of this version of Vitali’s theorem we obtain the following version of Harnack’s
theorem. To do this, we first observe that for a complex Hilbert space H , if B ⊂ L(H) is a subset
such that {〈T (ψ),ψ〉: T ∈ B} is bounded in C for each ψ ∈ H , then B is bounded in L(H) for
the norm, the weak operator topology and the strong operator topology (cf. [4, Remark 30(ii)]).
Theorem 4 (Harnack’s theorem). Let Ω ⊆ C be a domain and let vn :Ω → L(H) be a sequence
of harmonic functions such that (vn(z))n is a non-decreasing sequence self adjoint operators in
L(H) for each z ∈ Ω . Then either there exists a function v :Ω → L(H) which is harmonic for
the norm topology and such that (vn)n converges uniformly on the compact subsets of Ω to v or
(vn(z))n diverges in the weak operator topology for each z ∈ Ω .
E. Jordá / J. Math. Anal. Appl. 327 (2007) 739–743 743Proof. Assume without loss of generality that (vn) is positive for each n. If there exist z0 ∈ Ω
and ψ ∈ H such that (〈vn(z0)ψ,ψ〉)n tends to ∞ then 〈vn(z)ψ,ψ〉 tends to ∞ for each z ∈ Ω
due to the real-valued Harnack’s theorem. Therefore, in this case (vn(z))n diverges for the weak
operator topology for each z ∈ Ω . Assume otherwise that (〈vn(z)ψ,ψ〉)n is a non-decreasing
bounded sequence for each z ∈ Ω and ψ ∈ H . Using the Harnack’s inequalities one can ob-
tain that, given z ∈ Ω and R > 0 such that B(z,R) ⊂ Ω , {(〈vn(w)ψ,ψ〉)n: w ∈ B(z,R/2)} is
bounded in R for each ψ ∈ H . The remark above yields that (vn(·))n is a non-decreasing lo-
cally bounded sequence of L(H)-valued harmonic functions. By [6, Proposition 43.1], for each
z ∈ Ω , there exists v(z) ∈ L(H) such that vn(z) tends to v(z) for the strong operator topology.
Theorem 3 yields that v :Ω → L(H) is harmonic for the strong operator topology and that (vn)n
converges to v uniformly on the compact subsets of Ω for the strong operator topology. Corol-
lary 10(a) in [4] yields that v is harmonic for the norm topology. 
We remark that this proof combines the first part in the proof of the main theorem in [7]
together with Theorem 3. Even this yields a simple argument for the proof of the scalar case, the
classical proof of the Harnack’s theorem; the pointwise convergence of the sequence (vn)n of
harmonic functions, obtained from the Harnack’s inequalities, implies the uniform convergence
on the compact subsets using the general Theorem 3. We also notice that Theorem 4 contradicts
[7, Example 3] (cf. [8, Remark 1(d)]).
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